Abstract. Let (X, J) be an almost-complex manifold. In [19] Li and Zhang introduce H (p,q),(q,p) J (X) R as the cohomology subgroups of the (p + q)-th de Rham cohomology group formed by classes represented by real pure-type forms. Given a proper, surjective, pseudo-holomorphic map between two almost-complex manifolds we study the relationship among such cohomology groups. Similar results are proven in the symplectic setting for the cohomology groups introduced in [23] by Tseng and Yau and a new characterization of the Hard Lefschetz condition in dimension 4 is provided.
Introduction
On an almost-complex manifold (X, J), Li and Zhang in [19] introduce the following subgroups of the de Rham cohomology Recently in the symplectic setting Tseng and Yau in [23] introduce new cohomology groups which can be viewed as the symplectic counterpart of the Bott-Chern and the Aeppli cohomology groups on a complex manifold, namely for a symplectic manifold (X, ω), denoting by d Λ the symplectic codifferential, they define
as the symplectic Bott-Chern and Aeppli cohomology groups of (X, ω) respectively. The aim of this paper is to study the relations among these groups under proper, surjective pseudo-holomorphic/symplectic-structure-preserving maps. In the differentiable category in [24] Wells shows that if we have a proper surjective differentiable map between two manifolds, under more suitable hypothesis, we can compare the de Rham cohomology groups. In particular, ( [24, Theorem 3.3] ) let π :X −→ X be a surjective proper differentiable map between two orientable, differentiable manifolds of the same dimension. If deg π = 0 then the induced map on cohomology
Hence ifX and X are compact, then we have the inequalities b • (X) ≤ b • (X) on the Betti numbers of X andX, respectively. Moreover, for complex manifolds a natural holomorphic invariant is furnished by the Dolbeault cohomology groups and a similar result still holds, as proved by Wells (see [24, Theorem 3.1] ). Namely, if we askX and X to be complex manifolds of the same complex dimension and π :X −→ X to be a surjective proper holomorphic map (we do not need to ask deg π = 0 anymore) then we have injections on the complex-valued de Rham cohomology groups and the Dolbeault cohomology groups, i.e., IfX and X have different dimension the injectivity of π * among the Dolbeault cohomology groups is false in general (as shown by Wells considering the projection of the Hopf surface into P 1 (C)), unlessX is Kähler (or symplectic if we consider only the de Rham cohomology). Indeed, (see [24, Theorem 4 .1, Theorem 4.3]) if π :X 2m −→ X 2n is a surjective, proper, differentiable map between two even-dimensional, orientable, differentiable manifolds and ifX admits a symplectic structureω and π * (ω m−n ) = 0 then the induced map on cohomology
Moreover, ifX is a Kähler manifold, X is a complex manifold and π is a holomorphic map then
are injective maps. The function µ = π * (ω m−n ) is called by Wells in [24] the symplectic degree of π and it depends on the choice of the symplectic form onX. We focus our attention on the cohomology groups H (p,q),(q,p) J (X) R and H k d+d Λ (X). We prove the following results (see section 2):
Theorem 0.1. Let π : (X,J) −→ (X, J) be a proper, surjective, pseudo-holomorphic map between two almost-complex manifolds of the same dimension. Then,
is injective for any p, q.
In particular, ifX and X are compact we have the inequalities
for any p, q.
This Theorem can also be seen as a generalization of Proposition 4.3 in [26] which involves only the J-invariant and J-anti-invariant cohomology groups. For almost-complex manifolds of different dimension we prove the following Theorem 0.2. Let π : (X 2m ,J ) −→ (X 2n , J) be a proper, surjective, pseudo-holomorphic map between two almost-complex manifolds and suppose that (ω,J) is an almost-Kähler structure onX. Then,
In section 3 we provide an example showing that the almost-Kähler assumption in the theorem above can not be dropped. We obtain a similar result in the symplectic case under the further assumption that one of the involved manifolds satisfies the Hard Lefschetz condition (see Theorem 4.9). Furthermore we give a characterization of this condition for a compact symplectic 4-manifold in terms of symplectic Bott-Chern numbers (see Theorem 4.5), namely Theorem 0.3. Let (X 4 , ω) be a compact symplectic 4-manifold, then it satisfies the Hard Lefschetz condition if and only if
This result is the symplectic analogue of a result proved in [4] for compact complex surfaces. We also do explicit computations of the symplectic cohomologies on compact 4-dimensional solvmanifolds. Acknowledgements. The authors would like to thank Tian-Jun Li and Weiyi Zhang for useful comments and for pointing out the reference [26] .
Preliminaries
We start by fixing some notations and recalling some well-known results about relations between cohomologies of manifolds related by proper surjective maps. If Y is an orientable differential manifold of dimension m, we denote by A r (Y ) the space of differential r-forms on Y and by D m−r (Y ) the space of currents of dimension m − r (or of degree r) on Y , i.e. the topological dual of the space of differential (m − r)-forms with compact support in Y . LetX and X be two orientable, differentiable manifolds of the same dimension m and let π :X −→ X be a surjective proper differentiable map between them. We recall that the degree of π is defined as degπ := π * (1) where π * is the map induced by π on top-dimension currents
If π is orientation preserving then degπ = 0, in particular it is positive (cf. [24] ). If we consider the diagram
Wells prove in [24, Lemma 2.3] that this is commutative up to the degree of π, namely µi = π * ĩ π * with µ := degπ. Since in the induced diagram on (co)homology
the mapsĩ * and i * are isomorphisms Wells proves that
Similar arguments in the complex case show a comparison between the Dolbeault, BottChern and Aeppli cohomology groups. In order to give similar results in the almost-complex case we consider two differentiable manifoldsX and X of the same dimension 2n, endowed with two (non necessarily integrable) almost complex structuresJ and J, respectively. We fix the orientation induced byJ onX and by J on X. Let π : (X,J) −→ (X, J) be a proper, surjective, pseudoholomorphic map between the two considered manifolds. Notice that, by the psudoholomorphic assumption, µ := degπ = 0, indeed π preserves the orientation. Therefore, under this hypothesis, the map π induces an injection on the de-Rham cohomology groups 1. An almost-complex structure J on a differential manifold X is called
-C ∞ -pure and full if it is C ∞ -pure and C ∞ -full, i.e., if
Examples of C ∞ -pure and full structures are Kähler structures. More in general, Draghici, Li and Zhang prove that any almost complex structure on a compact 4-manifold is C ∞ -pure and full (see [17, Theorem 2.3] ).
The almost-complex case
We start by proving the natural generalization of Wells' Theorem in this context. Theorem 2.1. Let π : (X,J) −→ (X, J) be a proper, surjective, pseudo-holomorphic map between two almost-complex manifolds of the same dimension. Then,
Proof. Consider the following diagram
this is commutative up to the degree of π, indeed we are just restricting the diagram considered in Section 1
Therefore, we have that the equality µi = π * ĩ π * (where µ = degπ) holds, and this can be induced in (co-)homology in the following diagram
The mapsĩ * and i * in this last diagram are injective, indeed they are induced by the
Using this fact we have that π * is injective, indeed let a ∈ H (p,q),(q,p) J (X) R and suppose that π * a = 0, then µi * a = π * ĩ * π * a = 0. Since µ = 0, then i * a = 0 and by injectivity we can conclude that a = 0, proving the assertion. 
We can now prove the following proposition which generalizes Proposition 3.3 in [18] given in the integrable context. Proposition 2.3. Let π : (X,J) −→ (X, J) be a proper, surjective, pseudo-holomorphic map between two almost-complex manifolds of the same dimension. IfJ is C ∞ -pure than J is C ∞ -pure too.
Proof. As already observed
is injective and bi-grading preserving. By contradiction, assume that there exists a ∈ H
2) (X) R and this is absurd, sinceJ is C ∞ -pure by hypothesis.
Remark 2.4. A similar result can be obtained considering pure almost complex structures, in the sense of currents and complex-C ∞ -pure almost complex structures (cf. [19] for the precise definitions).
IfX and X have different dimension the injectivity of π * is no more true in general, as we will show in Example 3.1. Nevertheless ifX has a symplectic form compatible with the almost complex structure the injectivity of π * is guaranteed. Indeed, if we consider the case when the manifoldsX and X have different dimensions, say 2m and 2n respectively, we can use a compatible symplectic form on (X,J) to carry currents of type (m − p, m − q) onX to currents of type (n − p, n − q) on X. We prove the following Theorem 2.5. Let π : (X 2m ,J ) −→ (X 2n , J) be a proper, surjective, pseudo-holomorphic map between two almost-complex manifolds and suppose that (ω,J) is an almost-Kähler structure onX. Then,
Proof. Set d := m − n > 0 and notice that the map induced by π on currents is given by [24] we define the map
this is well defined sinceω is of type (1, 1) with respect to the bigrading induced byJ on forms. We recall that, in general, ifX admits a symplectic form, then there exists a constant µ (the symplectic degree of π) such that µi = τĩπ * in the diagram ( [24] )
In particular, if we restrict to real (p, q) + (q, p)-forms we get that the same equality holds in the diagram
Since π * and τ commute with the differential operator d, we have that the previous equality still holds passing to (co)homology
With the same argument used whenX and X have the same dimension we can conclude that π * is injective.
Remark 2.6. With similar considerations we can obtain the same results considering bigraded complex-valued forms and, in this case, when the almost complex structure J on X is integrable H 
Example
The following example shows that the almost-Kähler assumption in Theorem 2.5 is crucial.
Example 3.1. Consider the holomorphically parallelizable complex nilmanifold of real dimension 10 defined in [2] as the quotient of
and the subgroup Γ of matrices with entries in Z[i]. The complex structure equations on
We recall that ηβ 5 is a C ∞ -pure-and-full manifold that does not admit any Kähler structure and we want to show that the conclusion in Theorem 2.5 does not hold in this case. Indeed, we can consider the natural projection on the first four coordinates
this is a proper surjective holomorphic map if we consider the torus with the standard complex structure J 0 . We recall that in [8] the J-invariant and J anti-invariant numbers of ηβ 5 are computed: in particular h Hence we have h
is not injective.
Symplectic cohomologies
On a symplectic manifold it is possible to define other cohomology groups which are strictly related to the symplectic structure. Therefore we ask if, under suitable hypothesis, a proper surjective map between two symplectic manifolds induces an injection on these symplectic cohomology groups. We give a partial answer to this question requiring that at least one of the two manifolds satisfies the Hard Lefschetz condition. In order to better understand the following results we start by recalling some known facts from complex geometry. Let X be a compact complex manifold, then in [9] Angella and the second author define the following integers
showing that their triviality characterizes the ∂∂-lemma. Moreover, when X is a compact complex surface in [4] and [10] it is proven that ∆ 1 = 0 and ∆ 2 ∈ {0, 2}. Since on compact complex surfaces Kählerianity is equivalent to the ∂∂-lemma holding on X, an immediate consequence is that a compact complex surface is Kähler if and only if ∆ 2 = 0. This Theorem is not true in higher dimension; the first example is due to Hironaka who constructed a non-Kähler modification of CP 3 . Let (X, ω) be a symplectic manifold, then Tseng and Yau in [23] define a symplectic version of the Bott-Chern and the Aeppli cohomology groups. If we denote with ⋆ : A • (X) −→ A 2n−• (X) the symplectic-⋆-Hodge operator (see [13] ) and with Λ :
Then, the d Λ -cohomology groups are
the symplectic Bott-Chern cohomology groups are
Im dd Λ ∩ A k (X) and the symplectic Aeppli cohomology groups are
.
If we consider a compatible triple (ω, J, g) on X (meaning that the almost-complex structure J is ω-calibrated and g is the respective Riemannian metric on X) then, denoting with * the standard Hodge-operator with respect to the Riemannian metric g, there are canonical isomorphisms (see [23] )
is a second-order elliptic self-adjoint differential operator and
. where ∆ d+d Λ , ∆ dd Λ are fourth-order elliptic self-adjoint differential operators defined by
In particular, the symplectic cohomology groups are finite-dimensional vector spaces on a compact symplectic manifold. For
< ∞ when the manifold X is understood. Historically the differential forms closed both for the operators d and d Λ were called symplectic harmonic ( [13] ). The existence of a symplectic harmonic form in each de Rham cohomology class requires that the hard-Lefschetz property holds on (X 2n , ω) (cf. [20] ), i.e.,
are all isomorphisms, and also the uniqueness of a symplectic harmonic representative does not occur in general. In particular, the following facts are equivalent on a compact symplectic manifold (X 2n , ω) (cf. [13] , [20] , [21] , [25] , [14] )
• the hard-Lefschetz condition (HLC for short) holds;
• the Brylinski conjecture, i.e., the existence of a symplectic harmonic form in each de Rham cohomology class; • the dd Λ -lemma, i.e., every d Λ -closed, d-exact form is also dd Λ -exact;
• the natural maps induced by the identity H • d+d Λ (X) −→ H • dR (X) are injective; • the natural maps induced by the identity H • d+d Λ (X) −→ H • dR (X) are surjective; • the natural maps induced by the identity in the following diagram are isomorphisms
x x
In this sense H • d+d Λ (X) and H • dd Λ (X) represent more appropriate cohomologies talking about existence and uniqueness of harmonic representatives. Neverthless, in general, on a symplectic manifold of dimension 2n the following maps are all isomorphisms (see [23] Prop. 3.24)
4.1. Characterization of the dd Λ -lemma. In [7] Angella and the second author, starting from a purely algebraic point of view, introduce on a compact symplectic manifold (X 2n , ω) the following integers
proving that, similarly to the complex case, their triviality characterizes the dd Λ -lemma. In this sense these numbers measure the HLC-degree of a symplectic manifold, as their analogue in the complex case do (cf. [9] ). Now, as already observed in [15] , using the equality dim
, we can write the non-HLC degrees as follows
therefore we can simplify them, considering just the difference between the dimensions of the Bott-Chern and the de Rham cohomology groups. We definẽ
Notice that a similar simplification can not be done in the complex case (cf. [22] ). We put in evidence that, by duality,∆ k =∆ 2n−k , k = 0, . . . 2n; for a compact symplectic manifold (X, ω) of dimension 2n we will refer to∆ k , k = 0 . . . n, as the non-HLC-degrees of X. Note that∆ 0 = 0. As a consequence of the positivity of ∆ k , for any k, we have that for all k = 1, . . . , n
Moreover the equalities
hold on a compact symplectic 2n-dimensional manifold if and only if it satisfies the HardLefschetz condition; namely the equality
, and hence the dd Λ -lemma. This Theorem can be inserted in the more general setting of generalized complex manifolds, see [15] for more details.
Remark 4.2. Note that, as proved in [6] , on a compact complex manifold the equality between the dimensions of the Bott-Chern cohomology groups and the Aeppli cohomology groups characterizes the ∂∂-lemma; nevertheless, the "analogous" condition on a compact symplectic manifold X, namely h
Similarly to the complex case where ∆ 2 characterizes the Kählerianity of a compact complex surface, if 2n = 4 we want to show that the only degree which characterizes HLC is∆ 2 . Indeed we show the following Theorem 4.3. Let (X 2n , ω) be a compact symplectic manifold, theñ
Proof. First of all we prove that the natural map induced by the identity
The surjectivity follows from [16, Lemma 2.7] . For the sake of completeness we briefly recall here the proof. Let α be a d-closed 1-form, then
i.e., α is also d Λ -closed, proving the surjectivity. We need to prove the injectivity. Let a = [α] ∈ H 1 d+d Λ (X) be such that a = 0 in H 1 dR (X), i.e., α = df for some f ∈ C ∞ (X). Considering the Hodge decomposition of f with respect to the d Λ -cohomology (cf. [23] ) we get f = c + d Λ β with c constant and β differential 1-form. Hence
We put in evidence the fact that∆ 1 = 0 on a compact symplectic manifold of any dimension. In the complex setting the analogue result holds only in complex dimension 2 (see [4] ).
As a consequence we get the following Theorem 4.5. Let (X 4 , ω) be a compact symplectic 4-manifold, then it satisfies
Example. As shown in [10] on a compact complex surface ∆ 2 ∈ {0, 2}; we now provide an example of a compact symplectic 4-manifold with ∆ 2 / ∈ {0, 2}, or equivalentlỹ ∆ 2 / ∈ {0, 1}, showing hence a different behavior in the symplectic case. More precisely, we compute the non-HLC degree∆ 2 when X is a compact 4-dimensional manifold diffeomorphic to a solvmanifold Γ\G (i.e., the compact quotient of a connected simply-connected solvable Lie group G by a discrete cocompact subgroup Γ) admitting a left-invariant symplectic structure; for a partial computation cfr. [5, Table 2 ]. According to [12] we have the following cases a) the primary Kodaira surface g = g 
In particular, every left-invariant symplectic structure in case b) satisfies HLC. Moreover, none of the symplectic structures in case a) and c) satisfy HLC as we expected, indeed the Lie algebra in these two cases is nilpotent ( [11] ).
Proof. In each case we will denote with e 1 , . . . , e 6 a left-invariant co-frame on Γ\G. For brevity of notations we put e 12 := e 1 ∧ e 2 and so on. a) The structure equations on the primary Kodaira surface are
. ω is symplectic if and only if λ 12 λ 34 + λ 13 λ 24 = 0. According to [5] we can compute the symplectic cohomology groups by just using invariant forms, in particular we obtain
Consider an arbitrary left-invariant
b) The structure equations in this case are ω is symplectic if and only if λ 12 = 0 and λ 34 = 0. With the previous argument we get
c) The structure equations in this case are 
4.2.
Behavior under proper surjective maps. As already recalled, Kählerianity (or equivalently the ∂∂-lemma) is invariant under modification of compact complex surfaces; we give some conditions under which that the dd Λ -lemma is invariant under proper, surjective, symplectic-structure-preserving maps between 4-dimensional symplectic manifolds. First of all we prove the following Proposition 4.7. Let π : (X 2n ,ω) −→ (X 2n , ω) be a smooth, proper, surjective map such that π * ω =ω. IfX satisfies HLC then X satisfies HLC.
Proof. Consider the following diagram
this is commutative since, by hypothesis, π * (ω k ) =ω k . By Wells' theorem the maps π * on the left and on the right of the diagram are injective for any k. Then the bijectivity of ω k forces the bijectivity of ω k .
We ask whether there exists an example of a smooth, proper, surjective map π : (X 2n ,ω) −→ (X 2n , ω) withX which does not satisfy HLC but X does. We prove that the converse of Proposition 4.7 is true whenX and X are 4-dimensional manifolds with the same first Betti number. This hypothesis in Theorem 4.1 is unnecessary since b 1 is invariant under bimeromorphisms and Kählerianity is in fact characterized in terms of b 1 . We ask whether the assumption on b 1 can be dropped. The following is an analogue of Theorem 2.1 in this context. Proof. The hypothesis π * ω =ω guarantees that the map π * is well-defined. Consider the following commutative diagram
where i,ĩ are the natural maps induced by the identity and we denote with π * d+d Λ , π * dR the maps induced by π on the two cohomologies. If X satisfies the dd Λ -lemma then i is bijective. Fix k and take [α] ∈ H k d+d Λ (X) such that 0 = π * d+d Λ (α) ∈ H k d+d Λ (X). Then 0 =ĩ π * d+d Λ (α) = π * dR (i ([α])) ∈ H k dR (X; R). Since by Wells' Theorem π * dR is injective, 0 = i ([α]) ∈ H k dR (X; R), hence 0 = [α] ∈ H k d+d Λ (X) showing the injectivity of π * d+d Λ .
Of course, ifX satisfies the dd Λ -lemma the same result hold, by using Proposition 4.7. It could be interesting to understand whether it is possible to avoid the HLC assumption.
